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Abstract:A gallery of pictures is presented for Gauss, Laplace, and Cauchy
bivariate densities. They illustrate better than the usual univariate pictures the
differences between the alternative distributions. Apart from being instructive,
the densities are colorful and make interesting shapes in 3D. An alcove of the
gallery with linear dependent pictures is also presented.
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Introduction to the Exhibit

Figure 1a shows the Gauss(G)(normal), Laplace(L), and Cauchy(C) univariate
densities. Each density is standardized so that it is centered at 0 where its value
is 1. The figure shows densities that are different, but not markedly so. Each is
bell-shaped, symmetric, and named after a famous mathematician.
Zooming in on the left tail for finer detail, Figure 1b shows tails getting
fatter going from Gauss to Laplace to Cauchy. The Cauchy tail is well known
to be fat enough that its absolute first moment integral does not converge. But
any consequences of this mathematical fact are not evident from the density
picture. In fact, the similarity of the density pictures suggests that any one of
them would be just about as good as another for modeling randomness.
But similarity of the univariate pictures is misleading. As is well known, the
different distributions embody very different properties. Further, estimators
have very different properties depending on which density rules the data. For
example, with Gauss data a large value of the sample mean is most likely due
to many equal observations, whereas with Cauchy data it is most likely due to
a single outlier. How do the densities embody such different consequences for
randomness and estimation?
The following sections present a gallery of bivariate densities. People who
have not seen the gallery suspect the bivariate will be similar–scaled-up–versions
of the univariate; the differences in tails being reflected in density contours that
become increasingly spread out. In fact, however, the pictures are very different.
Going from uni to bivariate reveals hidden features embodied in the densities,
and conveys intuition about how and why the distributions differ. They also
provide intuition for the jump to n > 2 space. Mysterys from a univariate
perspective become intuitive with the bivariate.1
1 Compared

to the old days, visuals for bivariate densities today is easy. The gallery of
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Figure 1: Gauss, Laplace, and Cauchy Univariate Densities
The first gallery shows 3D bivariate pictures for independent X = (X1 , X2 ).
The 3D view is complemented with an overhead shot highlighting iso-density
contours. These are combined with the equi-value contours for the sample mean
(iso-”bars”). Comparing the iso-curves reveals how the sample mean’s properties are influenced by the alternative distributions. The final part of the exhibit
visits an alcove of the gallery with linearly dependent densities.
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Preliminaries

A generic univariate density is denoted by f (x) and a bivariate by h(x1 , x2 ).
When X1 and X2 are independent, h(x1 , x2 ) = f (x1 )f (x2 ). The standardized
(location = 0, f (0) = 1) densities are2
g(x) = exp−(πx)

2

l(x) = exp−2|x|
c(x) =

1
2

1 + (πx)

(1)
(2)
(3)

The domain of the densities, (−∞, +∞), is truncated for the pictures to a
square around the origin in R2 . The area encompassed by the truncated domain
is indicated in the text.
pictures presented in the paper were produced with everyday Excel.
2 Stigler(1982) proposes that the standardized–variance equal 1–Gauss distribution be redefined to the simpler and more intuitive distribution with g(0) = 1, as in (1).
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The sample mean, X̄ = 12 (X1 + X2 ), has iso-bars that are straight lines from
the northwest to southeast, and will be depicted in various exhibits below.
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3.1

Gallery I: Bivariate Independent Densities
Gauss

Figure 2 shows the 3D picture for the bivariate Gauss as viewed from a point
southeast of the origin. Level sets are highlighted in different colors. The base
of the figure is a 2x2 square encompassing .986 of the distribution.
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Figure 2: Gauss 3D
Figure 3 shows the same figure but from an overhead perspective looking
directly down on the origin. Shading is removed to produce the flattened image
highlighting iso-density contours.
The most obvious and well known features of the Gauss bivariate density
are: (i) the contours are all the same shape, and (ii) the shapes are circles.
Figure 3b overlays the density contours with a few of the iso-bars for X̄. It
shows iso-density and iso-bar contours that are tangent when the observations
are equal, x1 = x2 . This means that when X̄ = k it is most likely that observations contribute equally to the mean value. This property extends to n > 2
where the circles are n-spheres and the iso-bars are hyperplanes.
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Figure 3: Gauss with X̄ Contours

3.2

Laplace

Figure 4 shows the Laplace 3D density. The (2x2) square encompasses .752,
reflecting the fatter tails of the Laplace. Instead of the smooth, circular-shaped
Gauss the Laplace has a pyramidal shape with a pointy peak at zero, and sharp
edges along the axes.
Figure 5 shows the Laplace contours from the overhead perspective. Like
Gauss the level sets are the same shape, but now diamonds instead of circles.
Figure 5b overlays the iso-density diamonds with a few iso-bars. The curves
are tangent along the line segment of the iso density curve extending from one
axis to the other. If X̄ = k > 0 it is most likely that the observations fall
somewhere on the line segment, λx1 + (1 − λ)x2 , 0 ≤ λ ≤ 1.

3.3

Cauchy

Figure 6 shows the Cauchy 3D picture, and Figure 7 the density contours. With
its fatter tails the coverage area is reduced to .649 on the (2x2) domain.
At first glance the density looks similar the Gauss with circular contours
around the origin. Moving away from the origin however reveals distinctive
features not seen previously. The contours are all different. Circular contours
near the origin begin to flatten until eventually they bend back on themselves
and are not even convex.
The differences in the contours can be understood on noting that, c(x) =
exp (−x2 + o(x)), so that for x near the origin the Cauchy has circular density
contours like the Gauss. On the other hand, c(x) = x+o(1 1 ) , so for large |x|
|x|

the tail of the density behaves like x−1 . Along the 45 degree ray away from the
origin, the density behaves eventually like, h(x, x) = x12 , a parabola extending
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Figure 4: Laplace 3D
to the northeast and southwest.
Figure 5b shows the iso density lines combined with the iso bars of the sample
mean. Unlike the Gauss where the mean is determined by many small effects,
the distinctive feature of the Cauchy is that when X̄ = k > 0 and k is big, it is
most likely that the mean is determined by a single extreme observation.
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Gallery II: The Linear Dependence Alcove

In this alcove the pictures depict bivariate random variables, Y = (Y1 , Y2 ) that
are a linear combination, Y = AX, of independent X = (X1 , X2 ). Pictures
are presented for two simple A matrices, and X that are independent bivariate
(i)Gauss, (ii)Laplace and (iii)Cauchy.
6 0, the bivariate
(For an A matrix with inverse, A−1 , and determinant |A| =
density of Y = AX is, hY (y1 , y2 ) = |A|−1 hX (A−1 y). When X = (X1 , X2 ) are
independent, hX (A−1 y) = f (v1 )f (v2 ), v = (v1 , v2 ) = A−1 y.3 ) 
(Let the k-level set of a bivariate density hY be, Levk (hY ) = y ∈ R2 |hY (y) < k .
Then for Y = AX the level set of Y is just the A-linear transformation of the
level set of hX : Levk (hY ) = ALev|A|k (hX ). When A is a rotation, level sets ro3 h (y)dy=h (y , y )dy dy is the probability that Y = AX is in [y, y + dy] ∈ R2 , or X
1 2
1
2
Y
Y
is in [A−1 y, A−1 y + dA−1 y], whose probability is |A|−1 hX (A−1 y) = |A−1 |f (x1 )f (x2 ), where
x = (x1 , x2 ) = A−1 y.
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Figure 5: Laplace with X̄ Contours

1

0

-1
0
-1
1

Figure 6: Cauchy 3D
tate. When A is a rotation and stretching Gauss circles turn into tilted ellipses,
and Laplace and Cauchy level sets turn into their own versions of an ellipse).
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Figure 7: Cauchy with X̄ Contours

4.1

Rotation

Let Y = AX where

1
A=

2
1
2

− 12



1
2

Hence, Y1 = 12 X1 − 12 X2 Y2 = 12 X1 + 12 X2 . Notice that if the expectation exists,
Cov(Y1 , Y2 ) = 0. Also, Ȳ = X1 ; the distribution of the mean Ȳ is the same as
the distribution of X1 .
When Xi are Gauss, the Yi are too and despite the linear combination the Yi
are independent. In this case there is no statistical dependence and the pictures
(not shown) are the same as in the case of independence seen in the earlier
Gauss section. The reason is simple: rotate a circle and get a circle.
For the Laplace and Cauchy the rotation changes the orientation of the
previous figures. The Laplace pyramid now sits squarely on the origin, and
the iso density lines are squares; Figures 8 and 9. The Cauchy 3D, Figure 10,
rotates so that the flared edges are now rotated 45 degrees, resulting in the iso
densities in Figure 11.

4.2

”Ellipses”

Now change A to:

A=

1

0

1
2

1
2



Hence, (Y1 , Y2 ) is the joint distribution of (X1 ,X̄). The bivariate density is
given by, hY1 ,Y2 (y1 , y2 ) = 2hX1 ,X2 (y1 , 2y2 − y1 ) = 2f (y1 )f (2y2 − y1 ). When the
expectation exists the correlation between Y1 and Y2 is 12 .

7

1

Figure 8: Laplace Dependent Rotation 3D

Figure 9: Laplace Dependent Rotation Contours
The Gauss case is shown in 3D in Figure 12, with the contours in Figure 13.
The Laplace is in Figure 14 in 3D with the contours in Figure 15.
Dependence transforms the Laplace diamonds into rhombus versions of an
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Figure 10: Cauchy Dependent Rotation 3D
ellipse. Positive dependence stretches the diamonds to the northeast/southwest
and squishes them toward the northwest/and southeast. Also, the tangency
between a density contour and a mean iso-bar is now at a single point rather
than the line segment seen previously.
Finally, Figures 16 and 17 show the Cauchy pictures. Positive dependence
transforms the previous independence contours into wavy patterns. The contour
picture could be a 30,000 foot view looking way down below at the person
standing on the bridge in Edvard Munch’s, The Scream.
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Figure 11: Cauchy Dependent Rotation Contours
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Figure 12: Gauss 3D Dependent
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Figure 13: Gauss Dependent Contours

Figure 14: Laplace Dependent 3D
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Figure 15: Laplace Dependent Contours

Figure 16: Cauchy Dependent 3D
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Figure 17: Cauchy Dependent Contours: The Scream
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