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An Empirical Quantile Function for Linear Models

with iid Errors

GILBERT BASSETT, JR. and ROGER KOENKER*

The regression quantile statistics of Koenker and Bassett

model of a little known one-parameter family of minim-

(1978) are employed to construct an estimate of the error

ization problems that gives rise to the empirical quantile

quantile function in linear models with iid errors. Some

function in the location model.' Thus we believe that our

finite sample properties and the asymptotic behavior of

approach opens a new and potentially quite fruitful line

the proposed estimator are derived. Comparisons with

of inquiry to these and other questions.

procedures based on residuals are made. The stackloss

The plan of the remainder of the article is as follows.

data of Brownlee (1965) is reanalyzed to illustrate the

In Section 2 we define and state some fundamental prop-

technique.

erties of the regression quantile function. Section 3 is

devoted to the asymptotic properties of the proposed es-

1. INTRODUCTION
timator; consistency and finite-dimensional asymptotic

Gaussianity are established. Section 4 compares proceIn the simplest location model where we observe a

dures based on residuals from a preliminary fit of the
random sample on a variable Y having symmetric distri-

model. Section 5 is devoted to an example involving the
bution F(y - V), a valuable approach to robust estimation

analysis of the well-known stackloss data of Brownlee.
of ,u has been to adapt the choice of estimator, ', to the

An appendix is devoted to computational considerations.
shape of the empirical distribution function. This adap-

tation may involve a simple pretesting step, or relatively

2. THE REGRESSION QUANTILE FUNCTION

sophisticated density estimation techniques (see, e.g.,

Hogg 1972; Stone 1975). The success of such methods in

Let Y = ( Y1, . . . , Yn) be a vector of independent

the location model raises several questions concerning

random variables from the linear model

analogous methods for general linear statistical models.

Are there reliable methods of estimating the shape of the

Pr[Y y Ixi] = F(y - xijj

j=1
error distribution for linear models? Can efficient esti-

mates of the error density be constructed for adaptive

i= 1, .. n , (2. 1)

estimation of linear models? Do analogs of tests of dis-

where xi denotes a row of the n x p design matrix X. We
tributional hypotheses based on the empirical distribution

will assume throughout that the design contains an infunction in location models exist for linear models? In

tercept, more explicitly that xi, = 1, for i = 1, . . , n.
this paper we take some tentative steps toward affirma-

The conditional quantile function of Y given x may now
tive answers to some of these questions, employing an-

be defined as
alogs of the sample quantiles for linear models introduced

in Koenker and Bassett (1978).

Qy(O I x) = x,( + F-'(0),

The classical response to the questions raised above

which due to the intercept we may express as
is based on the examination of residuals from preliminary

estimation of the model, which is usually (under Gaussian

Q(O I x) = xP((),

assumptions) by least squares. The fundamental articles

where P(O) = ,( + F-'(O)e1 and el' = (1, 0, . .. , 0)
are Anscombe (1961), Anscombe and Tukey (1963), and

E RP.
Anscombe (1967). See also the recent article by White

We are interested in finding a definition of the ordinary
and MacDonald (1980) and the comment of Weisberg

sample quantiles in the location model that will extend
(1980). The appeal of adaptive estimators for linear

naturally to the general model (2.1). By the location
models based on residuals from a preliminary fit is some-

model we mean the important special case of (2.1) in
what diminished by their dependence through the likeli-

which ,( is a scalar and X = in, a column of ones. The
hood function of the preliminary estimate on an a priori

notion of distributional shape. In contrast, our proposals

do not rely on residuals from any preliminary estimate.

' Parzen (1979) has recently stressed the importance of the empirical

Instead we suggest a natural generalization to the linear

quantile function in the analysis of one-sample data.
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usual notions involving an ordering of the sample obser-

10 vations are obviously inadequate when p - 2, since such

orderings depend upon P. However, a simple minimi-

zation problem provides the device we seek. Consider

the "check" function
8~ ~~~~~~~~, e3/4,1]

Po(u) =(0 -ul) for u < 0 0 E [0, 1]. (2.2)

(O -1) u u < 0

8 [1/2,3/4]

Any Oth sample quantile from a realization y = (y,

8e[7/22,1/2]

* .. , y,Y) of Y in the location model is a solution to the

problem,

-n

min E po(yi- b)]. (2.3)

4-

bER_rI

... ......... [ 0,7/22]

The defining minimization problem (2.3) generalizes

naturally to the linear model (2.1) as

2-

n

min Po(Yi - xib) , (2.4)

/ '.
bEERP_iI_

whose p-dimensional solutions we call regression quan0 2 4 6 8 10

tiles and have studied in Koenker and Bassett (1978).
x

Least absolute deviation regression is an obviously im-

Figure 1. REGRESSION QUANTILES IN SAMPLE SPACE. This is

portant (median) special case (see Bassett and Koenker

a bivariate example with five observations. The four solid lines are

1978). We denote the potentially set-valued solutions to
the regression quantile estimates for the intervals (0, 7/22), (7/22,

(2.4) by B(0), with generic element P. These p-dimen1/2)J (1/2, 3/4)J and (3/4, 1) in ascending order, based on intersections

with the vertical dashed line located at x = 4.4. The ordinates at

sional analogs of the sample quantiles appear to suc-

the intersections determine the empirical quantile function for this
cessfully extend certain well-known L-estimates of lo-

example, which is illustrated in Figure 3.

cation to the general linear model. In Koenker and

Bassett (1978) we study finite linear combinations of

regression quantiles of the form

A

m

0

"[(] = E w(0i)iP(0R)
(\4

i=I

and it is shown that such estimators have essentially the

same asymptotic theory as linear combinations of sample

quantiles in the location model. See Bickel (1973) and
I0

Hogg (1975) for alternative approaches to L-estimators

for linear models. Recently, Ruppert and Carroll (1980)

(12/6, 5/6)B
have confirmed a conjecture appearing in Koenker and

Bassett (1978) that trimmed least squares based on P(0)

(6/7, 4/7)
has asymptotic behavior analogous to ordinary trimmed

0

means in the location model. Perhaps more surprisingly,

Ruppert and Carroll also show that trimmed least squares
(21/8, 3/8)

(17/3, 1/3)
based upon residuals from a preliminary estimate has a

0/

different and considerably less appealing asymptotic

- -4 -2 00 2 4 6 8 1
behavior.

" // ~~~~~~~A
In Figures 1 and 2 we illustrate the regression quantiles
B (0)14

to

for a very simple bivariate example with only 5 obser-

0

vations consisting of (x, y) pairs (1, 3), (2, 2), (4, 7),

(7, 8), and (9, 6). For 0 in the open intervals (0, 7/22), (7/22,

1/2), (1/2, 3/4), and (3/4, 1) there are unique solutions to

(2.4) at, respectively, P = (6/7, 4/7), (21/8, 3/8), (13/6,

5/6), and (17/3, 1/3). These solutions are illustrated by the

Figure 2. REGRESSION QUANTILES IN PARAMETER SPACE.

solid lines in Figure 1. For 0 E {0, 7/22, 1/2, 3/4, 1} the

The hatched regions are the sets of regression quantile estimates

solution set to (2.4) is not single valued. In Figure 2 we

illustrate in parameter space the regression quantile es-

timates for this example. The four labeled points are the
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ple) location model the jumps are not equally spaced on

unique solutions described above. The three closed line

the 0-axis, but depend upon the design configuration as

segments connecting these points illustrate the solutions

at 0 = 7/22, 1/2, 3/4. At 0 = 0 (0 = 1), any b E RP that

well as the realization of Y. Furthermore, note that if we

makes all the residuals positive (negative) solves (2.4).

had chosen a design point like x2 = 8, Q would not even

The sets B(O) and B(1) are the hatched regions in Figure

have been monotone! However, at the centroid of the

2. Readers interested in computational details may wish

design, x = - , Q is assured to be monotone by

to refer to the Appendix at this point.

the following result.

As 0 varies from zero to one the regression quantile

Theorem 2.1. The sample paths of Q(O I x) are non-

estimates describe an "ascending" sequence of distinct

decreasing, left-continuous, jump functions on (0, 1).

(p - 1)-dimensional hyperplanes each of which pass

Proof. Let r(0) denote the function implicitly defined

through (at least) p sample points. The adjective "as-

in (2.4). We show that Q(0 I x) is a translate of the left

cending" is necessarily somewhat vague at this juncture;

derivative of r(0), and that r(0) is piecewise linear and

nevertheless, it may be partially justified by the following

concave. The theorem then follows from elementary

general result from Koenker and Bassett (1978 Theorem

monotonicity and continuity properties of derivatives of

3.4): there are at most nO sample observations below and

convex functions. Given a realization y from the model

at least (n - p)O observations above any Oth regression

(2.1), define the polyhedral convex set

quantile hyperplane. Note that in the location model (p

= 1) this property completely characterizes the quantiles.

V = {v E RP x R+2n I y = Zv},

For any design point x we define the empirical condi-

where Z = [X I - I]. For C RP + 2n let

tional quantile function

+(c) sup{c'v I v E V} (2.6)

Q(O I x) = inf{xpj I 'E B(0)} (2.5)

denote the support function of V. Let V(c) C V denote

In the location model, Q is simply a left-continuous ver-

the set on which c'v achieves its maximum on V. Since

sion of the ordinary empirical quantile function as dis-

V is polyhedral, it follows from Rockafellar (1970), Theo-

cussed recently, for example, by Parzen (1979). The ge-

rems 23.5.3 and 23.10, that the directional derivative

ometry of Q may be easily seen in Figure 1. Choose a

function,

design point, say x = 4.4, draw in the vertical line through

the point, and note the intersections of the regression

+'(c; d) lim [(+(c + Xd) - 4(c))/X]

x Io (2.7)

quantile lines with this vertical line. The ordinates at

these intersections define the jump function Q depicted
= sup{d'v I v V

in Figure 3. The jumps occur at 7/22, 1/2, and 3/4. Su-

is a proper polyhedral convex function of d.

perficially, this function looks like a garden-variety em-

Set c(0) = (Op, Oln, (1 - 0)1n)Y. Then standard linear
pirical quantile function. However, unlike the (one-sam-

programming results imply (see, for example, the dis-

cussion in the Appendix)
8_

r(0) = -4+(-c(0)) (2.8)

and V( - c(0)) = B(8) x U(0) having elements (,, u+,

7-

u-) C V with d = max(0, yi - xi,) and ui = -min

(0, yi - xi ) for i = 1, ... , n. The function 4(A) is

polyhedral convex, so r(-) is piecewise linear and con-

cave. The left derivative of r is given by

6-

r-'(0) = -lim[r(0 - X) - r(O)]/X

<a

= lim[4(-c(0 - A)) -(-c(0))]I/X.

5-

Letting co = ac(0)/aO = (Op, ln, - 1)n, then

r_'(0) = lim[4(-c(0) + Xco) -(-c(0))]/X

4-

- 4'(-C(o); CO) = SUP{C' I A V V(-C(0))}

- sup{l 'n (y - X(0) I | (0) E B(0)}

3lIllI
- l'nY - nQ(0, x) (2.9)

0.0 0.2 0.4 0.6 0.8 1.0

The stated properties of Q? now follow immediately from
Figure 3. AN EMPIRICAL QUJANTILE FUJNCTION (EQF). This is

Q(O I = 4.4) based on the data in Figure 1.

the properties of r.
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(i) Q(O | x; Ay, X) = XQ(O I x; y, X)

This result establishes that Q(O I x), henceforth denoted

(ii) Q(O | x; - Ay, X) = AQ((1 - 0) I x; y, X)

simply by Q(O) is a proper quantile function. In the lo-

(iii) (0 x; y + X8, X) = Q(0 I x; y, X) + x8

cation model the jumps in the empirical quantile function

(iv) Q(0 x; y, XA) = Q(0) I x; y, X).

occur at equally spaced points {iln: i = 1, . . ., n} on

Q is scale and location equivariant by (i)-(iii) and invar-

(0, 1). However, in the linear model the jumps in Q(-)

iant to reparameterization of design by (iv).

occur at random points on (0, 1) depending in a rather

complicated way upon the design as well as the realiza-

tion of Y. The following result establishes that on inter3. ASYMPTOTIC BEHAVIOR

vals of fixed length the number of jumps is at least of

To study the large-sample behavior of Q we make the
order n.

following additional assumptions:

Theorem 2.2. If F is continuous then for any t and s in

Al. (Density) The error distribution, F, has continuous
(0, 1) satisfying t - s > pln, Q(t) = Q(s) with probability

and strictly positive density, f, for all z such that 0 <
zero.

F(z) < 1.
Proof. Suppose that Q(t) = Q(s) for some t - s > pl

A2. (Design) lim n- X'X = D, a positive definite
n. Let 0i E B(s) satisfy Q(s) = ip,. Then

n-. c

matrix.
r(O) = r(s) + (0 - s)r_' (s) (2.10)

Under these assumptions we have the following result
for 0 E [s, t] since by hypothesis r _'(s) is constant on

from Koenker and Bassett (1978).
this interval. Since r_'(s) = Vn(Y - XP,), the left side

evaluated at 0 = t equals Ji Pt(Yi - xip,), hence Rs E
Theorem 3.1. Let {pn(0l), . . . , Pn(Or)} with 0 < 01

B(t). However, by Theorem 3.4 of Koenker and Bassett
< < Om < 1 denote a sequence (n -- oo) of regression

(1978) we have for all , E B(O) the inequalities,
quantiles. Then

i u() < O} nO -< #{i u(I ) } 0}, (2.11)
Al- ( An(01) - W(0), . . . , Pn(Orm) -

where u(b) = y - Xb and #S denotes the cardinality of

converges in law to an mp-variate Gaussian random vec-

S. Since F is continuous P[#{i I u(b) = O} > p] = 0 for

tor with zero mean and covariance matrix fl(01, .

all b E RP so with probability one (2.11) becomes

Om; F) 0 D -1, where Qi has typical element

nO - p < #{i I u(,B) < 0} < nO (2.12)
min(0i, Oj) - OiOj

= f(F -'(0))f(F 1(0j)) (3.1)
for all p E B(O) and 0 E (0, 1). However, ns -< nt - p

by hypothesis so B(s) n B(t) is empty with probability

Thus in linear models with iid errors the asymptotic

one, contradicting Ps E B(t).

behavior of linear combinations of regression quantiles

Remark. It is tempting to conjecture that the subset of

(0, 1) on which B(O) is nonunique must have measure

zero. However, as the proof of the preceding result im-

is remarkably similar to the large-sample theory of or-

dinary sample quantiles in the one-sample, location

model. Note in the latter case D = 1.

We may now state the main result of this section.

plies, this need not be the case. This is illustrated in the

following example. Consider the (x, y) sample points

Theorem 3.2. The finite dimensional distributions of

{(-1, -3), (-1, 3), (0, 0), (1, -1), and (1, 1)}. Then,

the random function

B(A) = {b ER2 | A(0, 1) + (1 - )(0, -1)} for 0 E (2/5,

3/5). This example also illustrates that B(O) may have
Zn(0 I x) = \ (Q(O I x) - Q(O I x)) (3.2)

dimension p since B(2/5) is the convex hull of the param-

are asymptotically Gaussian with zero mean and covareter points {(0, 1), (0, - 1), (- 2, 1), ( - 1, 2)}. The salient

iance matrix xD-'x' f. Specializing to x = x we have
feature of this rather perverse example is that the se-

Zn(0 I 1) -- G(O, f).
quence of basic solutions to the parametric programming

Proof. This is immediate from the definition of Q, Theoproblem posed in the Appendix pivots on a design point

rem 3. 1, and the identity xD - l ' = 1 which follows from
at x, in this case x = 0. This example also illustrates a

the fact that 1 is in the column space of X.
case in which the upper bound of pln on the length of an

interval without a jump is achieved, B(O) = (-2, 1) for

Thus, Q(0 I x) is (weakly) consistent for Q(0 I x). In

o E (0, 2/5).
Bassett and Koenker (1982) we study the strong consist-

A number of equivariance properties of Q(0 I x) follow
ency of Q under somewhat different regularity conditions

immediately from Theorem 3.2 of Koenker and Bassett

on F. The asymptotic Gaussianity of the finite-dimen-

(1978). Expressing Q(0 I x; y, X) as an explicit function

sional distributions of Z. extends classical results of Mos-

of the response vector, y, and the design matrix X, we

teller (1946) and Cramer (1946). Weak convergence of

have

the function Zn( ) is an open problem.

Extending our analogy to the estimation of the condiTheorem 2.3. For A 2 0, 8 E RP, and any nonsingular

p x p matrix A:

tional distribution function of Y, we may define the
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estimator,

earity result. If 5, = O (l), then

F(y I x) = sup{0 Q(0 I x) y} (3.3)

V- (u(0) - F-'(0))

We have from Theorem 2.1 that F(y) F(y I x) is a

- f(F'(0))-' LV, E 0(zi - F'(0))1 (4.1)

nondecreasing, right-continuous, jump function on R'.

Versions of Q( ) and F( ) with continuous sample paths

+ e', 8n + op(l).
are easily constructed. Let {(qi, pi): i = 1, . . ., n} denote

the points at which the function Q(.) jumps. Set q0 = q,

When fV* is an M-estimator with influence function pro-

- 1/n, and po 0. Now define the piecewise linear

portional to 4 satisfying the typical asymptotic expansion

function

\/n (On*- I) = D [,(zj)/E4']x'j + op l ), (4.2)

Q(0) ( P )qi-I + (P j qi, (3.4)

(z - pi-l) (pi p, ,

then e'&, = E 4'(zj)/E4' + op(l), and V/n (ui,*(0) -

0 [Pi- I i = 1, . . ., n.
F-1(0)) has asymptotically Gaussian finite dimensional

distributions with zero mean and covariance function

Inverting Q, we define F(y) Q1(y). Suppose Q has

or(0s, 0) = wij

the same finite-dimensional asymptotic distributions as

Q; then we would have
(4.3)

I r (i) w (0,) 4 V
P[V'n (Q(0) - Q(0)) c y]
+ 1, Li-+ ) + V

Ef ' f (F - '(0j)) f (F - ' (0j)) (E4 t )2 '

= P[Q(0) ' Q(0) + ylVn]

where I(0) - j-'(O) 4(Z)dF(z)

= P[O c F(Q(0) + y/\Vn)] (3.5)

When 3* is a maximum likelihood estimator so 4, -

f '/ f, the Ed4' = V= I(F), the Fisher information of F.

= P\[V/n(F(z,) - F(zn)) ? V\n (0 - F(z,))

Also I(0) = - f(F '(0)), so the covariance in (4.3) be-

+ V7n (F(zZn) - AZO))

comes simply,

where z, = Q(0) + y/lVn . However, \n/ (F(zn) - F(Zn))

cr(0i, 0j) = wii - I(F)-. (4.4)

= 0(1/V7_) by Theorem 2.2, and expanding F(zn) around

Corresponding formulas for the covariance function of
Q(0) we have the right side of (3.5) converging to

the empirical distribution function from M-estimator re-yf(Q(0)). Hence F(-) would have the asymptotic co-

siduals appear in Bloomfield (1974). Pierce and Kopecky
variance function

(1979) treat the maximum likelihood case. Durbin (1973)

o(ZI, Z2) = F(zi)(I - F(z2)) ZI cZ2. (3.6)
provides very general treatment of the asymptotic be-

havior of empirical processes when parameters are esFinally, under the null hypothesis Ho: F = Fo, \/n

timated, but does not treat the regression case explicitly.

(F(Fo-1 (0)) - 0) would have the covariance function,

Note that adding e'58,, to both sides of (4.1) and de-

o0(01, 02) - O0(l - 02) 0 1 02. (3.7)
noting Qn*(0) = WM8) + e', l* gives

Tightness of the random function \/n (F(Fo- 1(0)) - 0)
V'n (Qn *(0) - Q(0))

and hence its convergence to tied-down Brownian motion
(4.5)

t2
also remains an open and rather tantalizing question.

= f(F-l(0))-' E ,0(zj - F-'(0)) + op(l).
Affirmative answers would open the way to Kolmogorov-

n i= I

Smirnov tests of distributional hypotheses, and other

This random function has finite dimensional distributions

tests based on the empirical distribution function.

that are asymptotically the same as the Z,,(0) defined

above based on the regression quantile function under

4. COMPARISON WITH PROCEDURES BASED ON

the crucial proviso that \/7 (O* - 0) is bounded in prob-

RESIDUALS

ability. This fails, for example, in the case of least squares

It is interesting at this point to compare the asymptotic

behavior of Q with that of alternative estimators of the

conditional quantile function based on residuals from a

estimates with Cauchy errors; in such a case Qn,*(0) need

not even be consistent.

In finite samples there is a commonly observed tend-

preliminary estimate, say 0*, of I(. Let u* = y - X,38

ency for least squares residuals to look more Gaussian

and let u0(0) denote a Oth sample quantile from the re-

than the true errors. Each residual is the sum of two

sidual vector u* E Rn. For convenience assume x = el.

components: one is the true error, the other is a linear

Let An = \/7n (On* - 0) and let 4,. = 0 - I(x < 0) denote

function of the entire n vector of errors. The latter com-

the (Oth-quantile) influence function, which is simply the

ponent is (typically) asymptotically Gaussian irrespective

(right) derivative of po( ) defined in (2.2). Ruppert and

of the true F. Hence, the distribution of residuals is a

Carroll (1980) obtain the following useful asymptotic lin-

convolution of F with an approximately Gaussian distri-
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bution. However, since the Gaussian component is

tions 1 and 2, which are frequently also identified as out-

O(T-') the bias vanishes asymptotically. Gnanadesikan

liers in robust analyses, appear in a wide range of

(1977) has called this tendency of least squares to appear

quantiles. Both observations 1 and 2 arise from outlying

Gaussian "supernormality." Bloomfield (1974) provides

design points with substantial leverage; for a detailed

asymptotic expansions that give an explicit justification

analysis of their influence see Cook (1979).

of this view.

Perhaps the most remarkable feature of the analysis is

The example discussed in Section 5 illustrates this ef-

the fact that eight of the 21 sample points lie on the plane

fect and helps to contrast the behavior of Q(O) with Q*(O)

represented by

based on a least squares preliminary estimate.

y = -36 + x1 + x2,

which is the first quartile estimate. This is a linear model

5. AN EXAMPLE

equivalent of "tied" observations in a one-sample prob-

lem. It is interesting that the tied observations {6, 7, 13,

We now present a brief analysis of the well-known

"stackloss" data of Brownlee (1965). The data consist

14, 16, 17, 18, 19} are nearly consecutive, possibly sug-

gesting a distinct "regime" for plant operation.

of 21 observations taken on successive days from a plant

With a continuous error distribution ties occur with

for the oxidation of ammonia to nitric acid. The depend-

probability zero; in this example we would "almost

ent variable is the proportion of ammonia escaping un-

absorbed. The independent variables are x1, the rate of

surely" have regression quantile estimates with four non-

air flow; x2, the inlet temperature of the cooling water;

zero coefficients and four zero residuals. Ties would in-

and X3, the concentration of nitric acid in the absorbing

dicate a mass point in the error distribution. However,

liquid. For a detailed analysis of the data see Daniel and

with the data rounded to two significant figures as in this

Wood (1971). Subsequent analysis of the data has been

example we would obviously not infer a mass point in F

made by Andrews (1974), Cook (1979), Denby and Mal-

from the first quantile fit, but as we shall see there is

some evidence of a mode in the distribution near the first

lows (1977), Hettmansperger and McKean (1977), and

quartile.

many others. Despite the intensive analysis the data have

received, our methods reveal some new and rather sur-

In Figure 4 we plot the function Q(O) for the stackloss

prising features.

example centered at zero. Several features of this figure

stand out. Q(O) is quite flat at all three quartiles, and

In Table 1 we report the complete regression quantile

statistics for the stackloss data. Each row of the table

particularly so at the first quartile, where we have already

gives an estimated coefficient vector 3(O) that minimizes

identified the surprising "tied" observations. The deriv-

function (2.4) for the interval of 0's given in columns one

ative of a smooth quantile function is the reciprocal of

and two. The last column lists the observations that have

a density function, aptly called the sparsity function by

zero residuals for each quantile estimate. We note as

Tukey (1965). Thus flat segments in Q indicate low spars-

expected that the outlying observations 3, 4, and 21 ap-

ity, hence high density. This impression is strengthened

pear only in the very extreme quantiles, while observa-

by examining density estimates based on smoothing Q.

Table 1. Regression Quantile Estimates for the Stackloss Data

Quantiles

Upper Lower Intercept Airflow Temperature Acid Basic Observations

.0 .124 -29.01 .31 1.22 -.03 9, 17, 19, 21

.124 .130 - 36.08 .35 1.75 -.09 7, 17, 19, 21

.130 .275 -36.00 .50 1.00 .0 6, 7, 13, 14, 16, 17, 18, 19

.275 .331 -37.90 .76 .79 -.10 5, 7, 14, 17

.331 .375 -38.53 .84 .73 -.13 2, 7, 14, 17

.375 .392 -32.64 .83 .74 -.19 2, 7, 14, 18

.392 .409 - 33.25 .85 .63 -.17 2, 7, 10, 18

.409 .490 -39.65 .83 .58 -.06 2, 8, 10, 18

.490 .565 -39.69 .83 .57 -.06 2, 8, 16, 18

.565 .592 -39.73 .83 .56 -.06 2, 8, 12, 18

.592 .604 -39.68 .84 .56 -.06 8, 12, 16, 18

.604 .620 -54.03 .87 .98 -.003 1,12, 16, 18

.620 .651 -54.06 .87 .98 -.002 1,10, 12, 18

.651 .690 -54.07 .87 .98 .002 1,10, 12, 19

.690 .762 -54.19 .87 .98 .0 1,10, 11, 19

.762 .768 -54.09 .86 1.00 .0 1,10, 11, 12

.768 .774 -54.34 .78 1.18 .02 1,10, 12, 15

.774 .777 -56.68 .78 1.25 .03 10, 12, 15, 20

.777 .814 -58.55 .80 1.27 .03 3, 10, 12, 20

.814 .834 -59.38 .80 1.25 .05 3, 10, 15, 20

.834 .913 -58.54 .79 1.30 .04 3, 10, 12, 15

.913 1.000 -58.46 .52 1.85 .11 3, 4, 10, 12

This content downloaded from 131.193.211.30 on Thu, 24 Mar 2016 01:34:36 UTC
All use subject to http://about.jstor.org/terms

Basseft and Koenker: Quantile Functions tor Linear Models 413

6-

3-

24-

2-

0.4

0

0.2 0.6 0.8 1.0

Cg 0.2 0.4 0.6 0.8 1.0

<0 -1

-2-

-2-

-4-

-3

-4

-8_
-5_

Figure 5. STACKLOSS EQF BASED ON LEAST-SQUARES RE-

Figure 4. STACKLOSS EQF BASED ON REGRESSION QUAN-

SIDUALS. This is the sample quantile function of the residuals from

TILES. This is 0(0 x) - y based on the stackloss data.

a least-squares fit of the stackloss data.

Q(*) is considerably smaller than the range of any em-

It is interesting to compare our estimates of Q based

pirical quantile function based on residuals, least squares

on regression quantiles with estimates based on least

or otherwise.

squares and least absolute residuals. These alternative

Confirmation of the hypothesis that the differences in

estimates are depicted in Figures 5 and 6, respectively.

observed ranges in Figures 4 through 6 can be attributed

The estimates are quite different. The least squares es-

to heteroscedasticity in the stackloss data may be found

timate is quite uniform, that is, linear, except in the tails

in Table 1. In a strictly iid case we would expect to find

where the influence of the outlying observations 3, 4, and

that the slope coefficients were essentially invariant to

21 is felt. The 11 estimate has a large flat segment at the

the quantile being estimated. In Koenker and Bassett

median which as we have already noted implies a large

(1982) we propose tests for heteroscedasticity based on

mode. The effect is attributable to the four residuals that

the large-sample behavior of the regression quartiles

are exactly zero and "determine" the l fit. Four obser-

vations 1, 3, 4, and 21 are extreme outliers in this plot.

10

Figures 5 and 6 correspond closely to Figures 1 and 3 of

Andrews (1974), which give probability plots of residuals

from least squares and robust fits of the stackloss model.

A striking difference among the three estimates is the

range of Q. As we would expect, the 11 range is somewhat
5-

larger than the 12 range since the latter estimate is ex-

tremely sensitive to outlying observations. However, the

quantile regression estimate has considerably smaller

range than either the l or 12 alternative; Why is this?

co C 1
An answer is most easily provided by considering a

0.2 0.4 0.6 0.8 1.0

simple artificial example. Figure 7 illustrates a sample of

8

100 observations generated from the (heteroscedastic)

model

-5-

Yi X xi + XiEi,

where xi's are independently drawn from a uniform dis-

tribution on [0, 1] and the Ei's are independently drawn

from a standard Gaussian distribution. Superimposed on

the scatter are the regression quantile estimates for 0 E

-10

{.05, .25, .50, .75, .95}. A vertical line is drawn through
Figure 6. STACKLOSS EQF BASED ON LEAST ABSOLUTE RE-

x, and ordinates at intersections of the quantile lines with

this vertical line are points on Q?(). Clearly the range of

SIDUALS. This is the sample quantile function of the residuals from

a least absolute residual fit of the stackloss data.
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of the optimized objective function, on the interval [0, 1]?

Since r(O) is piecewise linear this question reduces to

2 9 0.95
finding the mesh on [0, 1] on which kinks occur in r.

These kink points are points at which Qjumps; elsewhere

it is flat. Fortunately, this mesh may be easily found by

standard parametric linear programming techniques. A

.,* * * ** 0.5
useful general reference to this subject is the recent book

by Gal (1979).

* ** * * ~~~0.25

We will briefly describe the iterative process involved

0 **

in identifying the mesh. Let N = {1, 2, . . . , n}, and H

be the set of p-element subsets of N. Elements h E H and

,~~~~~~~~~~~~~~~~~~~~ , , *

h N - h will be used to partition the sample obser-

vations. Thus, Yh will denote a p vector with elements

{yi: i E h} and Xh denotes a p by p matrix with rows {xi:

i E h}. Now, PIh = Xh -'Yh is a unique, nondegenerate
-21

0.0 0.2 0.4 0.6 0.8 1.0
solution to (A. 1) for 0 = 00 if and only if (see Koenker

and Bassett 1978, Theorem 3.3)

Figure 7. REGRESSION QUANTILES IN AN HETEROSCEDASTIC

(Go - 1)1' p < [2 - 2 sgn (yi - Xi Ph) - 0o]xIXhi

CASE. The scatter is an artificial sample of 100 points from a het-

iEh

eroscedastic model with Gaussian noise. Superimposed on the

scatter are the regression quantile estimates for 0 E {.05, .25, .50,
< 001ltp. (A. 2)

.75, .95}. The vertical dashed line is drawn through R.

For 0 k 00, Ph remains optimal until these conditions are

violated. Thus, starting from 00 we have a system of p

under the null hypothesis of iid errors. For the stackloss

double inequalities in 0,

data our test that the slope coefficients are identical at

the three quartiles yields a x2 of 25.2 on six degrees of
0 - 1 < a, + b1O < 0 = 1, . . , p (A.3)

freedom, which is significant at 1 percent. The predom-

Let Oo = {a/l(l - bj), (aj + 1)/(1 - bj): j = 1, . . ., p}

inant component of this x2 is the difference of .33 in the

and define

airflow coefficient between the first and second quartiles.

With this significant degree of heteroscedasticity it is not
01 = min{0 E Oo},

0>0

surprising, in light of the preceding examples, that Q ex-

hibits a smaller range than estimates based on residuals.

and

We have identified two important features of the stack-

0 - l = max{0 E Oo}.

loss data that have not been apparent in previous inves-

tigations. First, we have seen that the first quartile esti-

PIh solves (A.1) for all 0 E [0-, 0 ]. At each of the

mate fits a substantial fraction (more than a third) of the

endpoints there will be two distinct solutions with index

data "exactly" and may provide a reasonable alternative

sets of "basic" observations, h and h', differing in one

to robust fits proposed to date. Second, a significant de-

element. At 01 we make one simplex pivot from Ph to a

gree of heteroscedasticity has been found to be associated

new basic solution, Ph', recompute the a's and b's of the

with the rate of air flow.

system (A.3) and continue the iteration to find 02, etc.

Thus once an initial solution is determined the entire funcAPPENDIX

tion may be found with O(n) pivots.

The problem posed in (2.4) is equivalent to the linear

[Received March 1979. Revised December 1981.]

program:

min[01',u' + (1 - 0)1',u] (A. 1)
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